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WrinklingAbstract The precision forming of thin-walled components has been urgently needed in aviation
and aerospace ﬁeld. However, the wrinkling induced by the compressive instability is one of the
major defects in thin-walled part forming. The initiation and growth of the wrinkles are interac-
tively affected by many factors such as stress states, mechanical properties of the material, geometry
of the workpiece and boundary conditions. Especially when the forming process involves compli-
cated boundary conditions such as multi-dies constrains, the perturbation of clearances between
workpiece and dies and the contact conditions changing in time and space, etc., the predication
of the wrinkling is further complicated. In this paper, the current prediction methods were summa-
rized including the static equilibrium method, the energy method, the initial imperfection method,
the eigenvalue buckling analysis method, the static-implicit ﬁnite element method and the dynamic-
explicit ﬁnite element method. Then, a systematical comparison and summary of these methods in
terms of their advantages and limitations are presented. By using a combination of explicit FE
method, initial imperfection and energy conservation, a hybrid method is recommended to predict
plastic wrinkling in thin-walled part forming. Finally, considering the urgent requirements of com-
plex thin-walled structures’ part in aviation and aerospace ﬁeld, the trends and challenges in wrin-
kling prediction under complicated boundary conditions are presented.
 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Lightweight thin-walled parts have attracted more and more
applications in various industrial sectors such as aviation,
aerospace and automobile. The wrinkling induced by the com-
pressive instability is one of the major defects in thin-walled
part forming processes. Wrinkling may be a serious obstacle
to implementing the forming process and assembling the parts,
and may also play a signiﬁcant role in the wear of the tool. In
order to improve the productivity and quality of products, the
wrinkling problem must be solved.1–3 However, the initiation
2 N. Liu et al.of wrinkles are interactively affected by many factors such as
stress state, mechanical properties of the material, geometry
of the workpiece, and especially contact conditions (boundary
condition). It is difﬁcult to analyze the wrinkling initiation and
growth considering all the factors because the effects of the
factors are very complicated and the wrinkling behavior may
show a wide scatter of data for a small deviation of factors4,5
(see Fig. 1).
Nowadays, the trend towards designing very light-weight
thin-walled structures requires that forming process involves
complicated boundary conditions (CBC). The characteristics
of the CBC are multiple tooling constraints, complex loading
paths and history, complicated contact conditions caused by
dynamic die constraints which are changing in time and space
and perturbation of clearances between workpiece and dies.1 It
is known that the boundary conditions play vital roles in
restraining wrinkling in thin-walled part forming processes.
Consequently, the predication of wrinkling in thin-walled part
forming is further complicated, which is attributed to the fact
that the boundary condition during the accurate forming
process is changing in time and space and the contact
nonlinearities make the bifurcation check more challenging.
Taking in-plane roll-bending of strip (IRS)6,7 as an example,
if deformation condition is inappropriate, it results in multiple
instability modes including external wrinkling, internal wrin-
kling, turning-I, and turning-II.8 The tube bending process,
based on a CNC rotary draw bending (RDB) method,9 is also
a typical forming process with complicated boundary condi-
tions. There are ﬁve complicated contact interfaces (multi-
dies) altogether in the tube bending progress: tube-wiper die,
tube-mandrel, tube-bend die, tube-pressure die and tube-
clamp die. If deformation condition is inappropriate, it results
in multiform and asymmetric local distributed wrinkles on the
surface of the tube.10,11
Motivated by these challenges, much effort has been under-
taken by industrial and academic researchers aimed at accu-
rately predicting the wrinkling in thin-walled parts forming
processes. However, accurate prediction of wrinkling instabil-
ity is still one challenge and a focused issue in thin-walled part
forming processes, especially involving CBC. The prediction
methods for the onset of wrinkling can be broadly divided into
six categories: the static equilibrium method, the energy
method, initial imperfection method, the eigenvalue buckling
analysis method, the static-implicit ﬁnite element method andFig. 1 Plastic wrinkling is interactively affected by stress state,
material parameters, geometry of workpiece and contact
conditions.the dynamic-explicit ﬁnite element method. However, all the
methods mentioned above have their own intrinsic limitation
to predicted wrinkling under CBC.
In this paper, a review of current prediction methods is
assessed in terms of their advantages and limitations. By
using a combination of explicit FE method, initial imperfec-
tion and energy conservation, a hybrid method is recom-
mended to predict plastic wrinkling in thin-walled part
forming. The trend towards designing very light-weight
thin-walled structures requires that forming process involves
multi-dies constrains, the perturbation of clearances between
workpiece and dies and the contact conditions changing in
time and space. Therefore, considering urgent demands for
solving the problem of plastic wrinkling prediction under
complicated boundary condition, the trends and challenges
of prediction methods in thin-walled part plastic forming
are presented.2. Analytical approach
Mass and great efforts have been taken in sheet metal wrin-
kling research using analytical approach for more than half a
century. It is known that the wrinkling defects during thin-
walled part forming processes can be simpliﬁed as the buckling
stability of thin plate or shell under laterally constrained con-
ditions. For example, the tube in rotary draw bending and the
cylinder in spinning forming can be simpliﬁed to a shell model.
Stamping of sheet and in-plane roll-bending of strip can be
simpliﬁed into a thin plate model. The analytical approach is
mainly based on the static equilibrium method, the energy
method and initial geometric imperfection method. A compre-
hensive comparison of the characteristics of the above three
methods are shown as follows.
2.1. Static equilibrium method
In the static equilibrium method, for a thin plate undergoing
the uniform stress ﬁeld of in-plane compressive loading, Px,
in the x-direction, Py, in the y-direction and Pxy, in x–y plane,
assuming that these stresses are parallel to the mid-plane and
all the stress states that through the thickness is uniform before
buckling (see Fig. 2). In Fig. 2,W is the width of the plate and
L the length of the plate.Fig. 2 A rectangular thin plate under in-plane compressive
loading.
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small deﬂection bending, the partial differential equilibrium
equation (elastic buckling instable problem) is given as follows:
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where w is the deﬂection function, q the normal concentrated
load, and D the bending stiffness.
Using equations of boundary conditions of the four sides,
the partial differential equilibrium equation can be solved.
After that, the critical value of the compressive stress and
deﬂection function are obtained. Liang and Hu12 studied a
square plate under compression in one direction and found
that the critical stress differed greatly with different boundary
constraints.
Unlike the sheet model, a shell model possesses initial cur-
vature jx and jy. The partial differential equilibrium equation
of a shell with small deﬂection is deduced as follows, which is
an eight-order partial differential equations:
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where E is the elastic modulus and t the thickness of the plate.
Wang et al.13 presented a weighted solution for the critical
load of a cylindrical shell. The buckling of an axisymmetric
cylindrical shell with simple-support and clamped end condi-
tions was studied as examples. Inﬂuence factors of the critical
load are found from the differential equations and inﬂuence
coefﬁcients are determined. Peek14 solved the problem of a
tube under pure bending as a generalized plane strain problem
and the onset of wrinkling is predicted by introducing buckling
modes involving a sinusoidal variation of the displacements
along the length of the tube.
Therefore, according to the differential equilibrium equa-
tions of plate or shell, the critical buckling load of a structure
under the corresponding boundary and load conditions are
obtained. The main advantages of the static equilibrium
method are: it can provide a global view in terms of the general
tendency and the effect of individual parameters on the onset
of wrinkling.
However, when the boundary conditions are complicated,
or structures have irregular geometrical shape, or distributions
of stress are uneven, etc., it is difﬁcult to solve such problems.
It makes Eqs. (1) or (2) become a partial differential equation
with variable coefﬁcients, which is unable to get the analytical
solution.
On the other hand, in the process of solving the partial dif-
ferential equilibrium equation, the pre-buckling stress state in
the plate examined for wrinkling is assumed in membrane
state, and thus, the shear strains and stresses are ignored. All
the formulations are developed within the context of thin plate
and shell theory, therefore, the thickness of the sheet and all
the stress states through the thickness are assumed to be uni-
form before buckling. Therefore, past static equilibrium
method has been concentrated on some relatively simple com-
pressive instability problems with less complex geometry and
boundary conditions.2.2. Energy method
The energy method has been extensively employed in
Timoshenko and Gere15 to study the elastic buckling of thin
plates and shells with various boundary conditions. In his solu-
tion, a deﬂection form may be assumed for the plate and the
critical buckling condition can be assessed by equating the
internal energy of the buckled plate, DU, and the work done
by the in-plane membrane forces, DT. If the internal energy
for every possible assumed deﬂection is larger than the work
produced by membrane forces, the sheet is under a stable equi-
librium condition. Hence, the critical moment of wrinkling is
obtained when potential energy remains unchanged. That is,
DT > DU Instable state
DT ¼ DU Critical state
DT < DU Stable state
8><
>: ð3Þ
By appropriately choosing the defection form to reﬂect the
boundary restriction and equating the energy, DT= DU, the
critical buckling stress can be calculated analytically as a func-
tion of stress, material properties and geometry parameters.
Therefore, energy method has been another approach to
analytically investigate the wrinkling problem such as ﬂange
wrinkling in Senior,16 Morovvati et al.,17 Shafaat et al.,18 Yu
and Johnson, 19 Kowsarinia et al.,20 Cao and Wang,21,22 and
membranes wrinkling in Wong and Pellegrino.23
The major advantage of the energy method is that it avoids
solving the partial differential equilibrium equations. It only
considers the beginning and the end of the deformation (the
deformation energy DU and the work force DT). Therefore,
this method can deal with some more complex boundary con-
ditions of forming problems.
For more complicated geometry and boundary conditions,
Finite element method (FEM) can sometimes assist in develop-
ing analytical models. Using a combination of implicit ﬁnite
element analysis and energy conservation, Cao et al.24,25 pro-
posed a new criterion for wrinkling in sheet forming process.
Adopting this energy criterion, Cao extensively studied wrin-
kling in various forming processes such as the conical cup deep
drawing, square cup deep drawing, and Yoshida buckling test.
Cao et al.26 carried out a new buckling test (Contact Buckling
Test) on characters of the contact of tooling with or without
one-side contact. Different buckling phenomena such as oil
canning, buckling at the loading stage and buckling at unload-
ing were observed and explained through a stress-based wrin-
kling predictor.
An analytical energy-based model combined with explicit
algorithm was ﬁrst proposed by Li Heng to predict the wrin-
kling occurring in rotary-draw-bending process of a thin-
walled tube9,27,28 and rectangular tube.29 From the global
viewpoint, the effects of the basic parameters including the
geometrical, material and clearance and friction on the onset
of wrinkling are clariﬁed in terms of energy and each parame-
ter has their own speciﬁc physical meaning in the thin-walled
tube bending process.
However, both the works of Li Heng and Cao Jian are
based on the same assumptions as follows: (1) the thickness
of the sheet or shell is assumed to be uniform; (2) the
pre-buckling stress state in the sheet or shell is assumed to
be in membrane state; (3) the stress state through the thickness
is assumed to be uniform before buckling; (4) the effective
4 N. Liu et al.dimensions undergoing compressive stress should be inerratic.
Since the above assumptions still have some discrepancy com-
pared with the actual forming condition (complicated friction
and clearance cannot be taken as a consideration in the energy
methods), the energy method may not suitable to the forming
process, which have complicated geometry or contact inter-
faces between workpiece and dies. It is this difﬁculty that limits
the effectiveness of the energy method.
2.3. Initial imperfection method
Based on the assumptions of simple supports and a membrane
state of pre-buckling stress distribution, Timoshenko and
Gere15 indicated that real cylinders buckle at loads much lower
than the classical buckling load. Experimental buckling loads
as low as 30% of the classical load are not uncommon. The
search for reasons responsible for this discrepancy led to an
enormous amount of research in the subsequent decades.
The dominant factor contributing to the discrepancy between
theory and experiment for axially compressed cylinders is ini-
tial geometric imperfections. An enormous amount of research
has therefore been carried out on the imperfection sensitivity
of shell buckling. The most notable contributors in this
research are Donnell and Wan,30 Peek and Hilberink,31 Kyri-
akides and Corona,32 and Hutchinson and He.33
By considering initial imperfection, the partial differential
equilibrium equation of a cylindrical shell is deduced as fol-
lows (jx = 0, jy = 1/R, where R is the radius of the tube
and L the length of the tube):
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where U is stress function, x the axial direction, s the circum-
ferential direction, h the thickness of the shell, and g the factor
of initial imperfection. The deﬂection function w is described
as
w ¼ ah cosmpx
L
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L
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Then the initial imperfection w0 is assumed to be
w0 ¼ a0h cosmpx
L
cos
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R
þ b cos 2mpx
L
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where a, b, c, d, a0 are constant.
However, in an analytical approach whether static equilib-
rium method or the energy method considering initial imper-
fection, simpliﬁcations and assumptions are still made in the
material model, geometry or boundary conditions, and there-
fore the method is quite limited in terms of applicability and
reliability. There are two main difﬁculties encountered in initial
imperfection method in the previous decades. First, the buck-
ling phenomenon in shells is a highly complex one, described
by nonlinear partial differential equations too difﬁcult to solve
except for a few simple cases. Second, the buckling of the
thin-walled structure is generally sensitive to real geometric
imperfections induced in the fabrication process, while the
assumed imperfection is based on idealized.3. Finite element method
The increased computation capability makes numerical
method a prime tool to solve the wrinkling instability prob-
lems. There are three types of numerical procedures that can
be used to solve bifurcation problems: (1) eigenvalue buckling
analysis; (2) static-implicit ﬁnite element method; (3) dynamic-
explicit ﬁnite element method. Understanding the nature,
advantages and disadvantages of these algorithms is very help-
ful for choosing the right algorithm for a particular problem.
3.1. Eigenvalue buckling analysis
The essence of eigenvalue buckling analysis is seeking for sin-
gular points of a structure stiffness matrix under a linear per-
turbation. Critical load and buckling modes are obtained by
extracting the eigenvalue and eigenvectors from Eq. (7).34
ðKe þ kiKgÞ/i ¼ 0 ð7Þ
In Eq. (7), Ke is the elastic stiffness matrix corresponding to
the base state; Kg is the differential initial stress and load stiff-
ness matrix due to the incremental loading pattern; ki are the
eigenvalues; /i is the ith buckling mode shape (eigenvectors);
i refers to the ith buckling mode.
The above Eq. (7) indicates that structural stability problem
is a generalized eigenvalue problem in mathematics. With the
values of k increasing gradually, the above coefﬁcient matrix
becomes singular; the equation has nonzero solution which
means that the deﬂection form is also the equilibrium position.
This equilibrium position is a kind of buckling mode.
These buckling modes are often the most useful outcome of
the eigenvalue analysis, since they predict the likely instability
modes of the structure. Thus, the imperfection has the form as
Dxi ¼
XN
i¼1
Ai/i ð8Þ
where Ai is the associated scaling factor and N the order of the
eigenvectors.
Rust and Schweizerhof35 performed an eigenvalue analysis
of a telescope model under ANSYS platform, and then, a
buckling mode is taken as the shape of a geometric imperfec-
tion to seed the perfect mesh. They pointed out that if realistic
imperfections are known they should be used directly, other-
wise a conservative imperfection must be estimated from an
eigenvalue buckling analysis.
Wong and Pellegrino36,37 also used the eigenvalue buckling
analysis (*BUCKLE) on ABAQUS platform to obtain the pos-
sible wrinkling modes of the membrane subjected to a simple
shear and a diagonal pairs of opposite loads. After computing
the buckling mode-shapes, a linear combination of all, or some
selected eigenmodes is introduced into the structure as a geo-
metrical imperfection. They suggest it is generally best to intro-
duce in the membrane a rather general kind of imperfection,
e.g. one obtained as the combination of many eigenvectors.
However, the eigenvalue buckling can only be applied to
elastic problem. During an eigenvalue buckling analysis, the
model’s response is deﬁned by its linear elastic stiffness in
the base state and all nonlinear and/or inelastic material prop-
erties, as well as effects involving time or strain rate, are
ignored in the procedure. Therefore, it may not be suitable
for the thin-walled forming process which includes a mass of
Fig. 3 Equilibrium path based on load–displacement: instability
problem of a bifurcation point.
Plastic wrinkling prediction in thin-walled part forming process: A review 5plastic deformation. But it is a useful tool to establish initial
imperfection.
3.2. Static-implicit finite element method
The implicit procedure uses an automatic increment strategy
based on the success rate of a full Newton iterative solution
method38:
Duðiþ1Þ ¼ DuðiÞ þ K1t  ðPðiÞ  IðiÞÞ ð9Þ
where Kt is the current tangent stiffness matrix, P the applied
load vector, I the internal force vector, and Du the increment of
displacement. The implicit ﬁnite element analysis method iter-
ates to ﬁnd the approximate static equilibrium at the end of
each load increment. It controls the increment by a conver-
gence criterion throughout the simulation.
To enable the computational simulation to predict the
wrinkle patterns, two numerical procedures are classically used
in FEM: the bifurcation analysis of a perfect structure and the
non-bifurcation analysis with initial imperfection.
3.2.1. A bifurcation analysis for a structure without
imperfections
For the perfect structure without initial imperfections such as
simple buckling problems, a bifurcation algorithm is necessary
at a bifurcation point to lead the solution from the primary
path to the secondary path. The bifurcation analysis was ﬁrstly
introduced by Riks39, who termed it as a continuation method.
He analyzed the post-bifurcation behavior of an elastic thin-
shell structure using an arc-length method. His method39 is
most commonly used in the bifurcation analyzes of elastic
structures.
For a conservative system, the change of the total potential
energy DP due to an admissible displacement variation du of
the displacement ﬁeld u can be written as
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The second variation term must be positive deﬁnite for a
stable system and a condition can be written as
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where Kij is the tangent stiffness. Therefore, the stability limit
is reached at the point where the tangent stiffness Kij ceases to
be positive deﬁnite, i.e., when
det ðKtÞ > 0
det ðKtþDtÞ < 0

ð12Þ
among the time t, and t+ Dt, there must be a moment s
(t< s< t+ Dt) making
det ðKÞ ¼ 0 ð13Þ
the characteristic equation of a nonlinear stability analysis
becomes
ðKt þ kðKtþDt  KtÞÞ/ ¼ 0 ð14Þ
The determinant in Eq. (14) can change sign abruptly
within one incremental step in implicit analyzes. The bifurca-
tion point is, therefore, found by checking the determinantof the stiffness matrix at each iteration of the increment. By
solving the Eq. (14), a series of eigenvalues ki and the corre-
sponding buckling mode shapes /i are obtain.
Zhan et al.40 developed a three-dimensional rigid-plastic FE
simulation system for the NC bending process of thin-walled
tube. Wang and Lee41 investigated the post bifurcation behav-
ior of wrinkles in square metal sheets under Yoshida Test. Kim
and Yoon4 introduced bifurcation theory in an analysis of
wrinkling during the sheet metal forming process. They ana-
lyzed puckering in a spherical cup deep drawing process,4
wrinkling initiation and growth in a modiﬁed Yoshida buck-
ling test,42 bifurcation instability of a sheet metal during
spring-back43 and wrinkling in a cylindrical-cup deep drawing
process.44,45
3.2.2. A non-bifurcation analysis with initial imperfections
In Abaqus/Standard the method can be used to solve post-
buckling problems, both with stable and unstable post-
buckling behavior. However, the exact post-buckling problem
can often not be analyzed directly due to the discontinuous
response (bifurcation) at the point of buckling. To analyze a
post-buckling problem, we must turn it into a problem with
continuous response instead of bifurcation, which can be
accomplished by introducing a geometric imperfection pattern
in the ‘‘perfect” geometry so that there is some response in the
buckling mode before the critical load is reached (see Fig. 3).
In Fig. 3, P is the load, u the displacement, B the bifurcation
point, and O the original point.
To overcome the difﬁculty of the path switching, an appro-
priate perturbation can be ‘‘seeded” in an implicit algorithm. It
makes a conversion of the equilibrium path from the primary
path I to the bifurcation path II.
In the non-bifurcation analysis, a/i (a is a constant) are
used as micro perturbations that trigger the conversion of
the path in the subsequent numerical computation. Thus, the
obtained bifurcation point by the perturbation analysis may
deviate some from that of bifurcation analysis (see Fig. 3).
However, as the solution proceeds, the non-bifurcation solu-
tion in the perturbation analysis approaches the bifurcation
solution, as shown in Fig. 3. Therefore, the non-bifurcation
solutions obtained by the perturbation analyzes can be
considered as reliable. On the other hand, introducing those
geometric imperfections into a ‘‘perfect” geometry model, the
discontinuous bifurcation problem usually changes to a non-
linear continuous response problem. Therefore, a non-
bifurcation analysis employing initial imperfections sometimes
6 N. Liu et al.gives a more reasonable result than a bifurcation analysis, as
all real structures have inherent imperfections, such as material
non-uniformities or geometric unevenness.46–49 The non-
bifurcation analysis was introduced by Koiter et al.,50 who ter-
med it as a perturbation method. Bellini and Chulya51 pro-
posed an improved automatic incremental algorithm and
analyzed the post-buckling of a hinged cylindrical shell with
a central load and a slanted column. They employed geometric
and load imperfections to change the bifurcation problem to a
limit point problem. Casciaro et al.52 analyzed the post-
buckling behavior of a long slender elastic structure using ini-
tial load imperfections. Cao and Boyce25 investigated wrin-
kling behavior of rectangular plates under lateral constraint.
A simple and practical form of imperfection for predictive
modeling of buckling is given along with a discussion of the
sensitivity of the solution to the magnitude and distribution
of imperfections.
Many studies by Kyriakides and his co-workers have also
demonstrated conclusively that the inﬂuence of geometric
imperfections should be introduced to the perfect model to
produce accurate buckling predictions. The success of such
schemes in pipeline and generally relatively thick-walled circu-
lar shell applications has been demonstrated for axial compres-
sion,46–48 compression under internal pressure,49 internal
pressure,53,54,47 bending,55,56 bending under internal pres-
sure57,58 and lined pipe under bending.59,60
The prediction of wrinkling in thin-walled part forming
under CBC, however, involves difﬁculties. As mentioned in
Sections 3.2.1 and 3.2.2, Riks Kyriakides and Yoon are all
based on the implicit algorithm. However, thin-walled parts
forming process with CBC always possesses their own various
complicated contact and friction boundary conditions, and
implicit algorithm cannot be used to solve large complex con-
tact problem (deteriorated convergence in each iteration).
Therefore, they concluded that the implicit algorithm is usually
avoided in CBC ﬁnite element codes. In order to analyze wrin-
kling initiation under the complex boundary condition, addi-
tional efforts to reveal the wrinkling mechanism are required.
3.3. Dynamic-explicit finite element method
The explicit procedure is based on the implementation of an
explicit integration rule along with the use of diagonal element
mass matrices. The equation of motion for the body is inte-
grated using an explicit central difference integration rule61:
_uðtþ
Dt
2 Þ ¼ _uðtDt2 Þ þ ðDt
ðtþDtÞ þ DtðtÞÞ
2
€uðtÞ ð15Þ
uðtþDtÞ ¼ uðtÞ þ DtðtþDtÞ _uðtþDt2 Þ ð16Þ
where _u is the velocity, €u the acceleration, and t 1
2
Dt, tþ 1
2
Dt
refer to the increment number and mid-increment numbers.
€uðiÞ ¼M1  ðPðiÞ  IðiÞÞ ð17Þ
where M is the mass matrix, P the applied load vector and I
the internal force vector. The explicit integration operator
is conditionally stable, so that the time increments must
satisfy
Dtstable 6 Dtcr ¼ 2xmax ð18Þwhere xmax is the element maximum eigenvalue. A conserva-
tive estimate of the stable time increment is given by the min-
imum value for all the elements.
The explicit FE analysis method determines a solution by
advancing the kinematic state from one time increment to
the next, without iteration. The explicit solution method uses
a diagonal mass matrix to solve for the accelerations and there
are no convergence checks. Therefore it is more robust and
efﬁcient for complicated problems, such as dynamic events,
non-linear behavior, and complex contact conditions.
3.3.1. An elastic–plastic explicit FE model with perfect structure
As a dynamic approach, the explicit method generates
deformed wrinkles due to the accumulation of numerical error.
Because it did not involve decomposing tangent stiffness
matrix, it cannot detect the singularities point and switch to
secondary bifurcation path of buckling. In a numerical explicit
analysis of instability problems with CBC, wrinkling often
does not initiate immediately when the bifurcation (branching)
point in the equilibrium path is reached.
Wang and Cao24,62 also pointed that the explicit method as
a dynamic approach can automatically generate deformed
shapes with wrinkles due to the accumulation of numerical
error. They concluded that the onset and growth of the wrin-
kling obtained from the explicit code is unreliable and lower-
estimated simulation of wrinkling may appear in the sheet
metal forming. In practice, in the explicit simulation of in-
plane roll-bending with perfect geometry, it never buckles
numerically at reasonable conﬁguration as observed in the
experimental results (multiple instability modes).63,64 And in
the explicit simulation of RDB with perfect geometry, espe-
cially in the simulation of thin-walled tube with large diameter,
wrinkling did not occur. Or when wrinkling occurs, the wrin-
kling patterns often have a wavelength that spans only a few
elements (a much shorter wavelength than would occur in real-
ity).11,65 The same thing also happens in the other forming pro-
cess. Based on the explicit algorithm, Tian et al.66 investigated
the inner ﬂange and side wrinkling in rotary-draw bending of
rectangular aluminum alloy wave-guide tubes. De Magalha˜es
Correia et al.67 investigated the onset of wrinkling in sheet
metal forming. Gonc¸alves et al.68 studied the new develop-
ments in asymmetric plastic instability in tube joining. Wang
et al. 69 and investigated the wrinkling failure in conventional
spinning of a cylindrical cup. Long et al.70 found that explicit
FE model with perfect structure is sensitive to the input
parameters such as mesh density, simulation speed, element
type and time and mass scaling factor, and so on. Therefore,
a convergence analysis about input parameters to ensure a
good tradeoff between numerical accuracy and simulation is
efﬁciency.
3.3.2. A hybrid method-combined with initial imperfection and
energy conservation
In the present study, a hybrid numerical procedure, a combi-
nation of explicit FE method, initial imperfection and energy
conservation, is proposed by Yang He’s research group. The
plastic wrinkling in thin-walled part forming under CBC is
predicted by introducing a microimperfection into the work-
piece to perturb the explicit FE model.1,3 This hybrid method
not only takes advantage of the accurate buckling instability
Plastic wrinkling prediction in thin-walled part forming process: A review 7analysis but also overcomes the unreliability and inaccuracy of
pure explicit methods.
The effectiveness of the proposed procedure is demon-
strated by computing the wrinkling instability of ﬁve speciﬁca-
tions of in-plane roll-bending parts, which we had investigated
in detail, both experimentally (see Fig. 4).
It is shown that as a design tool, the accuracy of the wrin-
kles computed in this way is such that the numerical simulation
can now be a replacement for practical experimentation,
although, the computer run times are still impractically long
and the present procedure is still fussy, duplication and repeti-
tion. A signiﬁcant, immediate beneﬁt of the present work is
that all the multiple wrinkling modes in IRS forming processes
can now be predicted.
Taking a large diameter thin-walled Al-alloy tube (diameter
U= 150 mm, thickness t= 1.5 mm and bending radius
1.75D) as objective, the effectiveness of the proposed hybrid
method is validated by comparing it with the tube bending
experimental results. Through the analysis of distribution of
compressive stress in the intrados of the tube in RDB process,
two special simpliﬁed models, i.e., tube under pure bending
and tube under axial compression, are employed to estimate
the buckling mode of a tube in RDB process. By using the
eigenvalue buckling analysis and the Timoshenko‘s energy
method, two kinds of imperfection are generated based on
the above simpliﬁed compressive instability models, respec-
tively. After that, these micro imperfections are scaled in the
range of 1.25–5% of the thickness of the shell and embedded
to the tube to perturb the nodal coordinates of the 3D elas-
tic–plastic explicit FE model. The proposed hybrid method is
veriﬁed by two sets of bending experiments (wrinkle and
wrinkle-free). The results demonstrate excellent agreements
between the simulation and experiments (see Fig. 5). The
hybrid method provides a robust and reliable predictor forFig. 4 Comparison of simulation
Fig. 5 Simulation results anthe onset of wrinkling in tube RDB process with multi-die
constraints.
The ﬂowchart of a common hybrid method for wrinkling
prediction is presented in Fig. 6.
4. Summary of current prediction methods
The prediction of plastic wrinkling in sheet metal forming pro-
cess with multi-die constraints is difﬁcult. An assessment of the
current research methods in terms of their advantages and lim-
itations is shown in Table 1.
5. Trends and challenging in plastic wrinkling prediction under
CBC
5.1. Trends
Lightweight thin-walled parts have attracted more and more
applications in various industrial sectors such as aviation,
aerospace and automobile. This kind of thin-walled structure
usually has a very small diameter thickness ratio (thin wall
pipe U/t> 20) or width thickness ratio (thin plate 80 >W/
t> 8), thus, the bending stiffness of such structure is small.
Small bending stiffness will increase the likelihood of wrinkling
during forming process. Furthermore, thin-walled parts form-
ing process always possesses various contact and friction
boundary conditions, thus unequal compression stress inevita-
bly occurs in the thin-walled structure. Small bending stiffness
and large local distributed compressive stress will increase the
likelihood of wrinkling during thin-walled part forming pro-
duction. Wrinkling may be a serious obstacle to implementing
the forming process and assembling the parts and may also
play a signiﬁcant role in the wear of the tool. The wrinkleresults and experiment results.1
d experimental results.3,71
Fig. 6 Solution procedure of a common hybrid method for wrinkling instability prediction under CBC.1
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Table 1 Assessment of prediction methods in terms of their advantages and limitations.
Method Item Advantage Limitation
Analytical
method
Static equilibrium method A global view in terms of tendency Only simple contact problem
Large simpliﬁcations
Large assumptions
Material model
Geometry and boundary conditions
Energy method Only considers the beginning and the end
of deformation
A global view in terms of tendencyInitial imperfection method
Implicit FE
method
Bifurcation analysis of a perfect
structure.
Determinant of stiﬀness matrix at each
iteration of increment
Convergence problem
Only simple contact problem
Non bifurcation analysis with
initial imperfection
Accurate buckling predictions Convergence problem
Selection of imperfections Magnitude and
distribution
Eigenvalue
analysis
Eigenvalue buckling analysis Linear perturbation
Extract the eigenvalue and eigenvectors
Only applied to elastic problem
Explicit FE
method
Explicit FE model with perfect
structure
Without iteration
Avoid decomposing tangential stiﬀness
matrix
No convergence problems
Complicated contact nonlinearities
Cannot solve buckling modes
Omit bifurcation (branching) point
Sensitive to mesh density, element type,
simulation speed time and mass scaling factor
A hybrid method Same as above Modeling of imperfection
Establishment of integrated hybrid FE model
Plastic wrinkling prediction in thin-walled part forming process: A review 9prediction is a hot topic in sheet metal forming. Consequently,
the trend towards designing very light-weight thin-walled
structures requires that thin-walled structure manufacture
avoids wrinkling. Table 2 shows the summary and deviation
of the simple boundary condition and complicated boundary
condition in the forming processes.
Previous numerical studies of wrinkling prediction have lar-
gely focused on a structure with SBC, i.e., simple or ﬁxed sup-
port conditions with free contact. For example, pure bending
and axial compression of a tube are all the forming processes
with SBC. Figs. 7 and 8 show the wrinkling instability occur-Table 2 Summary of simple boundary condition and com-
plicated boundary condition.
Deﬁnition Simple boundary
condition (SBC)
Complicated boundary
condition (CBC)
Characteristic Easily be analytically
described
Fixed-support, Free-
support
Simple-support
Cannot be analytically
described
Changing in time and
space
Dynamic eﬀects
Load Simple loading paths
Axial compression of
a tube
Pure bending of a tube
Uniform internal
pressure of a tube
Complex loading paths
and history
Rotary draw bending of
thin-walled tube
Thin-walled part spinning
In-plane roll-bending of
strip
Friction Take no account of
friction
A variety of frictional
contact
Contact Take no account of
contact
Multiple tooling
constraints
Perturbation of friction
and clearance
Complex contact
nonlinearitiesring under SBC. In these cases, the instability only deformed
along one bifurcation path and can be effectively predicted
by analytical approach or conventional FE method.Fig. 7 Wrinkling instability in pure bending of a tube.55
Fig. 8 Wrinkling instability in axial compression of a tube.46,48
Fig. 12 Schematic diagram of the rotary draw bending of
10 N. Liu et al.However, in the case of wrinkling instability occurring
under CBC, taking the IRS (see Fig. 9) as an example, it is
a highly unstable problem in which more than one bifurca-
tion path exists in close proximity as shown in Fig. 10.
Therefore, it results in several instability modes including
external wrinkling, internal wrinkling, turning-I and
turning-II (see Fig. 11).
In RDB process (see Fig. 12), the surfaces of thin-walled
tube are contacted with multiple relatively rigid dies, while
the boundary conditions are changing in time and space.
Therefore, the wrinkling instability during tube bending is
strongly affected by process conditions and can be dramat-
ically induced by a small deviation of the process condi-
tions such as the contact condition, the original position
of the blank and the perturbation of clearances between
tube and dies. As a result, the multiform and asymmetricFig. 9 Schematic diagram of the in-plane roll-bending of
strip.63,64
Fig. 10 Multiple instability problems under CBC.
Fig. 11 Photographs of four kinds of wrink
tube.72,73local distribution features of the wrinkling are observed in
the experimental results. Fig. 13 shows that the wrinkling
could occur at straight or curved portion of tube and
sometimes it may happen in the front or the whole portion
of tube. If the wiper die and pressure die are not installed
at the same horizontal level, the ripples may happen at
upper or lower curved portion of tube.11 The same thing
also happens in the spinning forming (see
Figs. 14 and 15).72,73
5.2. Challenging
Regarding the above trends in thin-walled parts forming pro-
cess, the challenges of plastic wrinkling prediction are
summarized.
5.2.1. Modeling of imperfection
Using the proposed hybrid method and an appropriate imper-
fection, we are now able to accurately simulate the wrinkling
behavior under complicated boundary conditions in a predic-
tive manner. However, the modeling of the imperfection is
difﬁcult.
In general, it is common to consider the appropriate imper-
fection as that imperfection shape which is afﬁne to the lowest
bifurcation mode. However, the bifurcation mode under CBC
is not easy to calculate. Yuan and Kyriakides60 recently also
pointed out that if there are complicated contact nonlineari-
ties, it makes the bifurcation check more difﬁcult and challeng-ling instability modes in the IRS process.
Fig. 13 Photographs of wrinkling instability in the RDB process.
Fig. 14 Schematic diagram of the thin-walled part spinning.74,75
Plastic wrinkling prediction in thin-walled part forming process: A review 11ing. By considering the distribution of compressive stress in the
thin-walled part forming, some simpliﬁed models with SBC are
employed to obtain the buckling modes of the workpiece in
actual forming process. Then, a series of imperfections is
deﬁned in the shapes of these buckling modes. According to
the minimum energy principle, the shape of the imperfections
that would lead to the lowest deformation energy is searched.
Note that the deformation energy needed for wrinkling is the
lowest among all the possible deformation phenomena in the
given forming conditions. Using the imperfection correspond-
ing to the lowest level of energy may be considered as a solu-
tion to this issue. However, the computer run times of theFig. 15 Photographs of wrinkling instrategy are still impractically long and the present procedure
is still fussy, duplication and repetition.
5.2.2. Establishment of an integrated hybrid FE model
To accurately predict wrinkling in thin-walled part forming
under CBC, the nonlinear material behavior, buckling instabil-
ity of the work piece during the forming process and complex
contact between the tools and the deformable body should be
cooperated in an integrated ﬁnite element model. However, the
integrated hybrid ﬁnite element model is not easy to set up,
which is the bottleneck for the plastic wrinkling prediction
under CBC.
The FE model imports imperfection data through the user
node labels. It does not check model compatibility between
both analysis runs. Sometimes, the imperfection is deﬁned by
eigenmode data or the superposition of weighted mode shapes.
But usually we need to specify the imperfection directly as a
table of node numbers and coordinate perturbations in the glo-
bal coordinate system or, optionally, in a cylindrical or spher-
ical coordinate system. Node set deﬁnitions in the original FE
model and the modeling of imperfection may be different. In
such cases we have to ensure that the models for both analysis
runs are identical and that the nodal information for the gen-
erated nodes is written to the ﬁnal results ﬁle. In general, both
the original model and the subsequent model (imperfection)
are deﬁned consistently in terms of an assembly of part
instances.stability in the spinning process.
12 N. Liu et al.6. Conclusions
(1) The analytical approach can give a useful estimate of
elastic–plastic buckling when the structure has an ele-
mentary shape such as cylinders, cones and spheres,
and simple loading and boundary conditions such as
uniform axial compression, uniform normal pressure,
uniform torsion and pure bending, or a combination
of some of them. However, large assumptions and sim-
pliﬁcations still have some discrepancy compared with
the actual forming condition and complicated friction
and clearance cannot be taken as a consideration in
the analytical approach. Therefore, the analytical
approach whether static equilibrium method or the
energy method is not suitable for the wrinkling predic-
tion under CBC.
(2) The eigenvalue buckling analysis can only be applied to
elastic problem. Therefore, it may not be suitable for the
thin-walled forming process which includes a mass of
plastic deformation. But it is a useful tool to establish
initial imperfection. The implicit FE methods are not
qualiﬁed for the wrinkling prediction under CBC, since
the multiple tooling constraints, the complicated contact
conditions and the perturbation of the tool, etc. always
result in the convergence problems. Within a simple for-
ward marching scheme, no iteration of nonlinear sys-
tems and no convergence control is required in the
explicit FE method. Therefore it is more efﬁcient for
complicated forming process with CBC. However, it
avoids decomposing the stiffness matrix of a system,
so it cannot compute the bifurcation point and buckling
modes of the structure.
(3) By using a combination of explicit FE method, initial
imperfection and energy conservation, a hybrid method
is recommended to predict plastic wrinkling in thin-
walled part forming under CBC. By considering an
appropriate imperfection, the hybrid method is more
sensitive to the compression instability compared with
the one based on perfect geometry. In engineering
practice, the application of hybrid method gives a useful
insight into the plastic wrinkling prediction in compli-
cated forming process, especially for the issues with CBC.
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